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Enumerating Tilings

Theorem Given a 2d symmetry
group  and k 2 N. All

tile-k-transitive periodic tilings
with group  can be recursively
enumerated using the algorithms
FUNDAMENTAL, SPLIT and

GLUE.

S P L I T : D elo ne, D olibilin &  S t ogrin[78]

G L U E : L . Z a m orz a ev a[8 4]

F or D ela ney sy m b ols - H uson[93]
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The Form of an Orbifold

T wo orbifold sy m b ols O a n d O0

are of the same form, i f t here
exis ts a p er m u t a t ion h of

N n f 0, 1g, such t h a t hŁ (O ) = O0.

E x a m ple : If h exch a n ges 3 a nd 4,
t hen

hŁ (Ž Ž 245 Ł 633 ) = Ž Ž 235 Ł 644.
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Main Result

F or a n orbifold O , le t T(O )
deno t e t he se t o f a ll p erio dic
t ilings w hose sy m m e t ry gro up

corresp ond t o O .

Theorem If O and O0 are of the
same form, then there exists a

one–one-correpondence between
T(O ) and T(O0 ), unless one of
the orbifolds is p22, Łp22, or

2 Ł p, with p ½ 2.

( B a lke & H ., t o a pp e ar in : G eo m . D ed. )

G iven t he for m of a n orbifold , a ll

corresp o nding p erio dic t ilings c a n b e

syst e m a t ic a lly enu m era t ed .
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Ribbon Symmetry Groups

Se t n = 1 :

Ł22n Ł22 1 p m m 2
2 Ł n 2 Ł 1 p m a 2
22n 22 1 p1 12
Łnn Ł 1 1 p m 11
nŁ 1 Ł p1 m 1
n ð 1 ð p1 a 1
nn 1 1 p11 1
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Classifying Ribbon Tilings

Theorem The classification of
tile-k-transitive tilings of the

ribbon R (or pinched-ribbon pR)
can be derived from the

classification of all longitudal
tile-k-transitive tilings of the

sphere.

F or m O rbifold G roup T ile- t r a ns. T ile-2- t ra ns. T ile-3- t ra ns.
R pR R pR R pR

2Łn 2Ł 1 p m a 2 7 2 119 22 23 26 293
Ł22n Ł2 2 1 p m m 2 4 2 9 0 42 21 89 809
Łnn Ł 1 1 p m 11 2 1 2 3 10 406 12 5
22n 22 1 p112 5 1 7 3 14 11 50 162
nŁ 1 Ł p1 m 1 2 0 2 3 3 271 4 3
nn 1 1 p111 1 0 7 1 57 6
n ð 1 ð p1 a 1 3 0 2 3 1 251 6

T o t a l 24 6 358 93 66 50 1 444
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Identifying the

Crystallographic Group from a

Triangulated 3D Orbifold

E x a m ples:
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Orbifolds

A closed diÞ . n-orbifold Q is a
H a usd or Þ sp a ce Xn, t oge t her

wi t h ( co m p a t ible ) m o dellings o f
neig hb orh o o ds of e a ch p oin t in
Xn on Rn/( þ ni t e subgroup of O (n) ) ,
w here t he p oin t corresp o nds t o

t he equiv a lence class o f t he
origin . T he singular set SQ of Q

consis ts o f t hose p oin ts for w hich
t he þ ni t e gro up is t rivia l

( D unb ar 88 ) .

L e t X b e a si m ply-connec t ed
m e t ric sp a ce a n d G  Iso m (X ) ,
w i t h co m p a c t fund a m en t a l do m ain .

T hen t he quo t ien t G n X gives
rise t o a n orbifold .
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3D Euclidean Space Groups

T here are 23 0 typ es o f 3 D
cryst a llo gra phic sp a ce groups,

i.e . 219 iso m orphism typ es, a nd
11 p airs t h a t only diÞ er in t heir

le f t - or rig h t -h a ndedness
( F ederov 189 0?) .

Problem Given the triangulation
of a 3D orbifold Q, in terms of a
Delaney symbol (D, m), assumed

to be euclidean.
How to determine the

crystallographic type of the
associated group?
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The Orbifold Graph

G iven t he t ria ngula t io n o f a 3 D
orbifold Q in t er ms of a D ela ney

sy m b ol (D, m) . T he orbifold
graph describ es t he sing ular se t

SQ of Q co m bin a t oria lly, i.e .
w i t ho u t t he e m b edding . I t c a n

b e e asily co m pu t ed fro m (D, m) .

E x a m ples:
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Results

G iven a lis t o f D ela ney sy m b ols,
one o f e a ch of t he 219 typ es o f
grou ps, we ob t a in t he followin g

resul ts:

ž T he 2 19 typ es o f 3 D cryst a llo-
gra p hic grou ps give rise t o 1 89
diÞ eren t orbifold gra phs ( t a k -
ing orien t a bili t y in t o a ccou n t )

ž 175 grou ps c a n b e iden t iþ ed
solely by t heir orbifold gra ph

ž T he re m aining 4 4 gro ups c a n
all b e dest in guished using
\ a b elia n inv aria n ts " ( O . D el-
g a do )
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